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Parity measurements on qubits can generate the entanglement resource necessary for scalable quantum com- 
putation. Here we describe a method for fast optical parity measurements on electron spin qubits within coupled 
quantum dots. The measurement scheme, which can be realised with existing technology, consists of the optical 
excitation of excitonic states followed by monitored relaxation. Conditional on the observation of a photon, 
the system is projected into the odd/even parity subspaces. Our model incorporates all the primary sources of 
error, including detector inefficiency, effects of spatial separation and non-resonance of the dots, and also un- 
wanted excitations. Through an analytical treatment we establish that the scheme is robust to such effects. Two 
applications are presented: a realisation of a CNOT gate, and a technique for growing large scale graph states. 



Quantum computation (QC) offers the possibility of expo- 
nential speed-up over classical computation [ 1 ] . Many of the 
ideas put forward for implementing QC in the solid state in- 
volve using electron spins to represent qubits. In order to cre- 
ate controlled entanglement these schemes typically envisage 
some mechanism for switching on and off spin-spin interac- 
tions |2|]. This is an enormous challenge experimentally. Re- 
cently, Beenakker et al. (3D have shown that it is possible to 
use parity measurements on pairs of spins rather than inter- 
action switching. Together with single spin rotations, such 
measurements suffice to implement scalable QC. A scheme 
for exploiting this idea in the solid state with electrostatically 
defined dots has been advanced by Engel and Loss [4]; while 
Barrett and Stace JH propose a similar scheme for a spin 
singlet-triplet measurement. These ideas rely on charge detec- 
tion and therefore require electrode structures in the vicinity 
of the qubits. Here we consider an alternative optical mea- 
surement of spin parity that can be implemented in quantum 
dot (QD) structures. 

The optical process involves the excitation of odd-parity 
spin states to higher excitonic states. The readout is achieved 
by the radiative relaxation of these excited states, and then 
the observation of a photon which projects the system into 
the odd-parity subspace. Conversely, when no photon is ob- 
served the system is projected into the even-parity subspace. 
Since any additional single qubit gates can also be imple- 
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mented through optical pulses [6], this scheme constitutes an 
all-optical approach to measurement based QC in the solid 
state. 

Model - Consider two QDs, each of which are n doped so 
that they each contain an excess conduction band electron. 
The qubit basis |0) and |1) is defined by the electron spin 
states m z — —1/2 and 1/2 respectively. We consider sub- 
jecting the structure to a single laser radiating both QDs with 
<7 + polarised light. By the Pauli blocking effect, the creation 
of an exciton is possible only for the \m z — 1/2) state |7j. 
This exciton-spin (trion) state is denoted as \X). 

The Hamiltonian for our two quantum dots driven by a clas- 
sical laser field is 

H{t) = u a \X)(X\(Z)i + uj b i®\X)(X\+V X x\XX)(XX\ 
+V F (\1X){XI\+H.c.) +0 cos 1)(X| ® 1 
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FIG. 1: Inset: schematic of a system suitable for a two-qubit demon- 
station. The double dot is subjected to an excitation pulse and mon- 
itored for photon emission (collection apparatus not shown). Main 
figure: energy level structure for two resonant dots, showing the op- 
eration of the parity measurement. The creation of excitons is only 
possible in the odd-parity subspace. The relaxation process in the 
odd-parity subspace results in the emission of a photon which is sub- 
sequently detected. 



+I®\l)(X\ + H.c), (1) 

where H.c. denotes hermitian conjugate and u> a and ujj, are 
the exciton creation energies for dot a and dot b respectively. 
Vf is the strength of the Foerster interaction, which causes 
exciton transfer between the dots via virtual photon exchange. 
Vxx is the biexcitonic energy shift due to the exciton-exciton 
dipole interaction, is the time-dependent laser coupling (as- 
sumed to be the same for both dots), and oji is the laser fre- 
quency. We have neglected the energy difference between the 
|0) and |1) states, as it is negligible on the exciton energy 
scale. The Foerster interaction is non-magnetic and couples 
only states \X1) and \IX). We first consider resonant dots 
such that oj a = lu\j = ujo (see Fig.Q]). 

The Hamiltonian (Q]) may be decoupled into three subspaces 
with no interactions between them: Ho = {|00)}, Tii = 

{\oi),\ox),\io),\xo)},n 2 = {\n),\xi),\xi),\xx)}. 

Let us look at the Hamiltonian for the last of these subspaces. 
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We write this in a basis of the eigenstates for ft = 0, which are 

|ii), = j-(\ix) + \xi}), \i>_) = ^(\ix) - \xi)) 

and \XX). The degeneracy of the and levels is 
lifted by the Foerster interaction, resulting in two states each 
containing a delocalized exciton. In this basis: 



H 2 = (uj q + V F )\ip + ){ip+\ + (uj - V F )\ip_)(ip. 
+ {2oj + V xx )\XX)(XX\ 
+fl co8U)it(\ll){ip+\ + \tp+)(XX\ + h.c 



(2) 



Thus, the only dipole allowed transitions in this subspace are 
between |11) and \ip+), and between and \XX), each 
with a coupling strength of O = 

We achieve our parity-measurement by applying a 7r-pulse 
tuned to the exciton creation energy ujq, which will populate 
the | OX) and \X0) states fully, while the |00) and 1 11) states 
remain as they are owing to the Foerster splitting (see Fig.[T|). 
Next we allow the system to relax: if we measure a photon 
without determining from which QD it originated, we expect 
the state of the system to be projected into the spin-parity 
odd subspace while retaining the initial coherence between 
the 1 01) and 1 10) states. If no photon is measured then we 
expect that the system will collapse into the even-parity sub- 
space, again retaining the necessary coherence for the parity- 
measurement. 

For perfect fidelity of operation we need to ensure that after 
the initialization procedure there is no population of the 
and | XX) states. Returning to the Hamiltonian for the H.2 
subspace (Eq. |2j, moving into a frame rotating at frequency 
u)i = ujq and making a rotating wave approximation, we may 
write 

H 2 = -V f \1>-)(iI>-\ + Vf\iI> + ){iI> + \+Vxx\XX)(XX\ 
+fi'/2(|ll)(^+| + \i>+)(XX\ + h.c). (3) 

Under the conditions |Vf|,|Vxx| > |fi'|/2the 1 11) <-> 
and \ip+) «-» \XX) transitions are suppressed. 

We use the quantum trajectories formalism to analyse the 
dynamics of our measurement process. As described in 
the conditional master equation (CME) for a system with n 
imperfect measurement channels is: 

dp c = -i[H,p c ]dt 

n 

+ E {(VjTr(J[c 3 }p c )p c + (1 - Vj )J[cj] 

where p c is the density matrix of the system, H is the system 
Hamiltonian in the interaction picture, Cj is the Lindblad op- 
erator through which the system couples to the measurement 
channel j, J[cj] is the jump operator which projects out the 
component of the state that is consistent with a detection in 
channel j and is defined as J[cj\p c = Cjp c Cj. A[cj] is de- 
fined as A[cj]p c = |(ctcjp c + Pcc'jCj), rjj is the efficiency 



of detector channel j and dNj is the classical stochastic in- 
crement taking the values {0, 1} and denotes the number of 
photons detected from channel j in the interval t,t + dt. Eq.0 
is equivalent to the linear, unnormalised, CME 

n 

'p = -i[H,p\ + ^2{(l- Vj)J[cj]p - A[ Cj ]p}. (5) 

j 

where p c = p/Tr(p). 

For coupling strengths satisfying the criteria following 
Eq. [3] we are able to consider only one coupling channel de- 
scribing the continuous measurement process. This coupling 
channel describes the radiative decay of the excited states in 
the odd-parity subspace. The coupling operator is taken to be 
of the form ci = y/T\{\10)(X0\ + |01) (0X\), where ^/T\ is 
the decay rate for a single exciton, and the detector efficiency 
is rji. This form of the Lindblad operator ensures that the 
measurement does not distinguish photons originating from 
different dots which, as we show later, is reasonable for suffi- 
ciently close QDs. 

In order to characterize the time dependence of this re- 
laxation, we consider typical interaction strengths Vp = 



0.85 meV HlOfl and Vxx = 5 meV HH [LJ, while a typi- 
cal exciton creation energy is o^o = 2 eV. We also require that 

~ 0.1 meV. The typical decay rate for an exciton in a QD 
has been measured to be tx ~ 1 ns [13], which gives a decay 
constant of T\ w 4 /ieV. 

We define the fidelity of the measurement, conditional on 
not measuring aphoton, as Fq = {^E\Pf\^E) where pj is the 
state of the system at the end of the measurement and the tar- 
get state is \iPe) — aoo|00)+aii|ll). Meanwhile, the fidelity 
conditional on measuring the photon at time t is Fi(t) = 
(i>o\p(t)\ipo) with target state \ip ) = «oi|01) +ai |10). 

We solve the CME analytically for our simple model, with 
the state initially in an equal superposition of all four compu- 
tational basis states. The probability, p even , that at a time t 
we are in the even subspace conditioned on not observing a 
photon is: 
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while, on measuring a photon the probability that we have 
collapsed into the odd-space, p dd{t), is unity, as expected. 
The probability p even (t) is plotted in Fig. [2] as a function of 
time and detector efficiency r\\ . 

After 10 ns the probability of photon emission is negligi- 
ble, and there is essentially no further evolution beyond this 
time. This sets a characteristic time-scale for the measure- 
ment process. At this time if no photon has been measured 
we obtain a fidelity of Fq = (2 — 771 ) — Realistically, the 
losses at various stages in the detection procedure give rise to 
a photon detection efficiency of 50% 01411 : a value that will 
be used throughout the rest of the paper. To boost the fidelity 
we can repeat the excite-decay procedure several times. Every 
additional cycle wherein no photon is detected increases our 
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where 



FIG. 2: Probability that the state is in the even-parity subspace p eve 
conditional on not measuring a photon. 



confidence that the state is in the even parity subspace. The 
fidelity after n excite-decay cycles is Fq = [1 + (1 — rf) n \~ l . 

We have shown above that on detection of a photon, we ob- 
tain a perfect fidelity for our parity measurement. However, 
we have up to this point neglected a number of effects that 
may reduce the performance of our measurement. For ex- 
ample, we have ignored the effects of excitations to the 
and \XX) states. We have also ignored two possible ways 
in which the QDs could be distinguished when a photon is 
detected, namely spatial separation and non-resonance of the 
QDs. The effects of these three factors will be analysed in the 
following sections. 

To analyze the effect of spatial separation we derive the 
CME from first principles, starting from the microscopic 
Hamiltonian: H tot = u Q (c A c A + c B c B ) + Y,k w fc a l«fc + Hi, 
where 

Hi = ^(^.a k )e k a k e lkr ( C t l + e ikAr 4) + h.c. (7) 

k 

fi is the dipole moment vector for each qubit, <7k is the po- 
larisation vector for the electric field, a k is the annihilation 
operator for a quantum of the electric field, k is the wavevec- 
tor for the electric field, ca,b represents the annihilation op- 
erator for an exciton on dot A, B respectively and Ar is the 
center-to-center separation of the dots. 

To proceed we iterate the Schroedinger Equation twice to 
obtain an integro-differential equation describing the evolu- 
tion. Then we trace out the environmental degrees of free- 
dom to obtain an unconditional master equation. Finally we 
generate a CME by defining a jump operator describing the 
detection process. This yields the following: 

P=-i[H,p]+Y,(l-rfcWPl-{PlP*P+pPlPk}, (8) 



where Pl{r) = {p.a k )e ii e' lkr (c A 
over all the modes, we obtain 



k.rfj i _ik.Ar„t 



Cg). Summing 



Jp = Ti[c A pc A + 3f(k Ar)(c A pc B + c B pc A ) + c B pc B ], 
Ap = r x [c A c A p + pc\c A + c B c B p + pc B c B ] , 

= 2acos(a) + (a 2 - 2) sin(a) ^ 



Hence the fidelity when a photon is detected is 



F 



1 + 3f(k Ar) 



(11) 



In order for our scheme to work the Foerster interaction 



strength must be of order 1 meV II 1211 . and this sets a value for 
Ar of 5 nm Using ujq — 2 eV we obtain fco = 10 m , 
and fcoAr = 5 x 10~ 2 . This leads to a modified fidelity of 
0.999 - and thus we conclude that our scheme is resilient to 
effects of spatial separation. 

We now consider the situation of non-resonant QDs. If the 
detuning of the two transitions S = uj a — cj& is large enough 
it will destroy the derealization and resulting splitting due to 
the Foerster interaction, thus preventing selective excitation 
to states only in the odd subspace. Two inequalities must be 
satisfied: first, in order to excite excitons from both 1 10) and 
1 01} with a single laser pulse, we require that S <C £1. Sec- 
ond, to restrict transitions in the Ti.2 subspace, we require that 

ri(6 2 ± bi) where 6i j2 = 



2A 



and 



A = \ 1 



■7&. These lead to the condition that Vp 3> <$■ 



Returning to the effects of non-resonant dots on the relax- 
ation process, we calculate a modified CME using the same 
method as used for the case of spatially separated dots. We 
obtain c\ = \/Ti(c A + e~ tSt c B ). Using this modified Lind- 
blad operator in the CME we find that on measuring a photon 
the state of the system becomes: 



|-0(*)> =a i|01) + a 10 e id *|10) 



(12) 



-i[H,p] + (l-r))Jp-Ap 



(9) 



This extra phase is in general unknown and so is detrimen- 
tal to the parity measurement, since it destroys the coherence 
between the states. However, accurate timing of the photon 
detection corrects for this; we can reverse the (now known) 
accumulated phase using single qubit phase gates that can be 
implemented optically Jg]. State-of-the-art photon detectors 
have time resolutions of the order of picoseconds II 151 . so it 
is possible to correct for detunings of the order of 1 meV. 
This regime can be achieved with existing technology using 
an electric field to Stark shift the QDs on to resonance [16]. 
Alternatively, we could use molecular systems II 1 711 which are 
identical and so the problem of non-resonance is effectively 
eliminated. 

Finally we consider the potential problem of excitations in 
the Ti.2 subspace. To model these we allow a further two de- 
cay channels: c 2 = a/T2 I H) (V 7 + 1 an( l c 3 = V / T3|V'+)(^^I- 
The decay rates for these two channels are set by the dipole 
moments for the transitions. The allowed transitions within 
the Ti.2 subspace have a larger dipole hence vT^ = y/Ts — 
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FIG. 3: p eV en for various laser coupling strengths, £7, when photons 
from Ti,2 subspace are not detectable but simply lost to the environ- 
ment. 



ficient). 

In conclusion, we have presented a novel scheme for im- 
plementing a spin-parity measurement on a pair of coupled 
quantum dots. We have estimated the fidelity of the parity 
measurement scheme presented here, and found it to be robust 
(F > 95%) in the presence of realistic sources of errors, in- 
cluding inefficient photon-detection, unwanted excitations in 
the H.2 subspace, and spatial or spectral separation of the QDs. 
Finally, we identified two applications for our parity measure- 
ment: an implementation of a CNOT gate and a method of 
reliably constructing large scale graph states. 
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\/2Ti. We will assume that photons from these extra channels 
can be filtered out before they reach the detector. Numerical 
simulations for the probability that the system is in the even- 
parity subspace are presented in Fig. [5] Although there is 
some degradation in the performance, even for the strongest 
displayed laser coupling we obtain a final fidelity of over 0.5. 
This is sufficient to enable us to obtain extremely high fidelity 
using only a few rounds of the excite-decay procedure. 

Spin relaxation effects (including electron-hole interac- 
tions) couple the subspaces and so might be a problem for 
our protocol. However, they occur on a timescale of the or- 
der of 20 ms 11 80 . which can be ignored on the timescale of 
our measurement. Further, the electron spin-spin exchange in- 
teraction has been measured at less than 1 /ieV in a quantum 
dot system under a range of conditions 01911 . This is consider- 
ably weaker than any other interactions present and can thus 
be safely neglected. 

We have described a reliable method of performing a spin- 
parity measurement via the detection of a photon. Beenakker 
et al. suggested that this could be used to construct a CNOT 
gate by arranging two parity measurement gates in parallel. 
This is possible in a chain of three QDs if we have the ability 
to address two of the QDs with the laser while leaving the final 
QD unaffected. This may be achieved by using two different 
exciton transitions for the two different entangling gates. 

The entangling procedure that we have described could be 
incorporated into a scheme to grow large scale graph states re- 
liably [20]. Graph states are a certain type of multi-entangled 
state, which enable one to perform computational operations 
purely by performing single-qubit measurements. A major 
difficulty with graph state computation comes from the suc- 
cessful preparation of the initial multi-entangled state. Ben- 
jamin et al. [20] propose a method of overcoming this in sys- 
tems like the one discussed here, where a reliable method of 
entangling between pairs of qubits exists. Different pairs are 
then linked through any entangling process (that may be inef- 
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